For any n-dimensional compact spin Riemannian manifold M with a given spin structure and a spinor bundle ΣM , and any compact Riemannian manifold N , we show an ǫ-regularity theorem for weakly Dirac-harmonic maps (φ, ψ) :
Introduction
The notation of Dirac-harmonic maps is inspired by the supersymmetric nonlinear sigma model from the quantum field theory [7] , and is a very natural and interesting extension of harmonic maps. In a series of papers [4, 5] , Chen-Jost-Li-Wang recently introduced the subject of Dirac-harmonic maps and studied some analytic aspects of Dirac-harmonic maps from a spin Riemann surface into another Riemannian manifold. In order to review some of the main theorems of [4, 5] and motive the aim of this paper, let's briefly describe the mathematical framework given by [4, 5] .
For n ≥ 2, let (M, g) be a compact n-dimensional spin Riemannian manifold with a given spin structure and an associated spinor bundle Σ(= ΣM ), and (N, h) be a compact k-dimensional Riemannian manifold without boundary. By Nash's theorem, we may assume that (N, h) is isometrically embedded into an Euclidean space R K for a sufficiently large K. Let ∇ M and ∇ N be the Levi-Civita connection on M and N respectively. Let ·, · be a Hermitian metric on Σ (a complex vector bundle of complex dimension n), and ∇ Σ be the Levi-Civita connection on Σ compatible with the metrics ·, · and g. For a map φ : M → N , let φ * T N denote the pull-back bundle of T N by φ that is equipped with the pull-back metric φ * h and the connection ∇ φ * T N . On the twist bundle Σ ⊗ φ * T N , there is a metric, still denoted as ·, · , induced from the ·, · and φ * h. There is also a Levi-Civita connection ∇ on Σ ⊗ φ * T N induced from ∇ Σ and ∇ φ * T N . The Dirac operator D along φ is defined as follows. For any section ψ ∈ Γ(Σ ⊗ φ * T N ),
where {f α } n α=1 is a local orthonormal frame on M , and • : T M ⊗ C Σ → Σ is the Clifford multiplication. More precisely, if we write ψ in the local coordinate as ψ = ψ i ⊗ ∂ ∂y i (φ), where ψ i ∈ ΓΣ is a section of Σ for 1 ≤ i ≤ k and {
is a local coordinate frame on N , then
where ∂ / = f α • ∇ Σ fα is the standard Dirac operator on the spin bundle Σ. The Dirac-harmonic energy functional was first introduced by Chen-Jost-LiWang in [4, 5] .
(3) Critical points of L(φ, ψ) are called Dirac-harmonic maps, which are natural extensions of harmonic maps and harmonic spinors. In fact, when ψ = 0, L(φ, 0) = M |dφ| 2 dv g is the Dirichlet energy functional of φ : M → N , and its critical points are harmonic maps that have been extensively studied (see Lin-Wang [19] for relevant references). On the other hand, when φ = constant : M → N is a constant map, L(constant, ψ) = M ψ, D / ψ dv g is the Dirac functional of ψ ∈ (ΓΣ) k , and its critical points are harmonic spinors ∂ / ψ = 0 that have also been well studied (see LawsonMichelsohn [18] ).
One of the main interests we have is to study regularity of weakly Dirac-harmonic maps. To do it, we introduce the natural Sobolev space in which the functional L(·, ·) is well defined. Recall the Sobolev space H 1 (M, N ) is defined by H 1 (M, N ) = u ∈ H 1 (M, R K ) : u(x) ∈ N a.e. x ∈ M .
where τ (φ) is the tension field of φ given by
and R N (φ, ψ) ∈ Γ(φ * T N ) is defined by
Here Γ i jl (φ) is the Christoffel symbol of the Levi-Civita connection of N , ∇φ l • ψ j denotes the Clifford multiplication of the vector field ∇φ l with the spinor ψ j , and R m lij is a component of the Riemannian curvature tensor of (N, h). Among other things, Chen-Jost-Li-Wang proved in [5] (Theorem 2.2 and 2.3) that if (M 2 , g) is a spin Riemann surface and N = S K−1 ⊂ R K is the standard sphere, then any weakly Dirac-harmonic map
) , which was extended to any compact hypersurface in R K by Zhu [26] . The crucial observation in [5] is that the nonlinearity in (5) is of Jacobian determinant structure. This theorem is an extension of that on harmonic maps by Hélein [13] . Our motivation in this paper is: (1) extend the above theorem to all Riemannian manifold N ⊂ R K , and (2) study the regularity problem of stationary Dirac-harmonic maps in higher dimensions n ≥ 3.
Denote by i M > 0 the injectivity radius of M . For 0 < r < i M and x ∈ M , denote by B r (x) the geodesic ball in M with center x and radius r. Our first result is an ǫ-regularity theorem.
is a weakly Dirac-harmonic map satisfying, for some x 0 ∈ M and 0 < r 0 ≤
then (φ, ψ) is smooth in B r 0 (x 0 ).
, it is not hard to see that there exists 0
where ǫ 0 > 0 is the same constant as in theorem 1.4. Hence, as an immediate consequence of theorem 1.4, we have
We would remark that theorem 1.5 has been proved by Chen-Jost-Li-Wang [5] when the target manifold N = S K−1 ⊂ R K is the standard sphere.
For n ≥ 3, it is well-known in the context of harmonic maps that in order for a harmonic map to enjoy partial regularity, we need to pose the stationarity condition (see, e.g. Evans [8] , Bethuel [2] , and Rivieré [20] ).
For the same purpose, we also introduce the notion of stationary Dirac-harmonic maps.
Definition 1.6
We call a weakly Dirac-harmonic map
to be a stationary Dirac-harmonic map, if, in additions, it is a critical point of L (φ, ψ) with respect to the domain variations, i.e., for any family of diffeomorphisms
, and F t (x) = x for any x ∈ ∂M and t ∈ (−1, 1) when ∂M = ∅, then we have
where φ t (x) = φ(F t (x)) and ψ t = ψ(F t (x)).
Motivated by [4] , we define stress-energy tensor S for a stationary Dirac-harmonic map (φ, ψ) by
where { ∂ ∂xα } is a local coordinate frame on M .
It turns out that the stationarity property is equivalent to that the stress-energy tensor S is divergence free (see Lemma 4.2):
in the sense of distributions. An immediate consequence of (10), we prove in §4 the following Liouville property of stationary Dirac-harmonic maps. Theorem 1.7 For n ≥ 3, let (M, g) = (R n , g 0 ) be the n-dimensional Euclidean space associated with the spinor bundle Σ.
is a stationary Dirac-harmonic map, then φ ≡ constant and ψ ≡ 0.
In dimensions n ≥ 3, the stationarity property is a necessary condition for smoothness of weakly Dirac-harmonic maps. In fact, Chen-Jost-Li-Wang [4] proved that any smooth Dirac-harmonic map (φ, ψ) ∈ C ∞ (M, N ) × C ∞ (Γ(Σ × φ * T N )) has its stress-energy tensor divergence free and hence is a stationary Dirac-harmonic map. Hence theorem 4.3 extends a corresponding Liouville theorem on smooth Dirac-harmonic maps by Chen-Jost-Wang [6] .
An important implication of (10) is the following monotonicity inequality (see
is a stationary Dirac-harmonic map, then for any x 0 ∈ M and 0 < r ≤ r 0 , it holds
However, we should point out that (11) doesn't yield the renormalized energy e C 0 r r 2−n Br(x) |dφ| 2 dv g is monotone increasing with respect to r, since the second term of the right hand side of (11)
may change signs. In order to utilize (11) to control r 2−n Br(x) |dφ| 2 + |ψ| 4 dv g , we need to assume dψ ∈ L p for some p > 3 . In fact, we have
Now let's outline the main ingredients to prove theorem 1.4 as follows.
(1) We observe that the Dirac-harmonic property is invariant under totally geodesic, isometric embedding. More precisely, let Φ : (N, h) → (Ñ ,h) be a totally geodesic, isometric embedding map. If, for φ : M → N and ψ ∈ Γ(Σ ⊗ φ * T N ), (φ, ψ) is a weakly Dirac-harmonic map, then forφ = Φ(φ) :
(2) By employing the enlargement argument by Hélein [14, 15] in the context of harmonic maps, we can assume that T N φ(M ) is trivial so that there exists an orthonormal tangent frame {e i } k i=1 on φ * T N . (3) We use this moving frame to rewrite the Dirac-harmonic map equation (5) 
where
The smallness condition (7) guarantees that we can apply the Coulomb gauge construction, due to Revieré [21] (n = 2) and Rivieré-Struwe [22] (n ≥ 3), to further rewrite (12) into an equation in which the nonlinearity has the Jacobian determinant structure similar to that of harmonic maps. (5) We utilize the duality between the Hardy space and BMO space to obtain an decay estimate in the Morrey space, which yields the Hölder continuity of φ. (6) By adapting the hole-filling technique developed by Giaquinta-Hildebrandt [12] in the context of harmonic maps, we establish the higher order regularity of (φ, ψ).
We point out that in dimension two, a different proof of higher order regularity of Dirac-harmonic maps has been provided by Chen-Jost-Li-Wang [5] . As a byproduct of the rewriting of Dirac-harmonic maps under the above Coulomb gauge frame, we also obtain a convergence theorem of weakly convergent sequences of approximate Dirac-harmonic maps in dimension two, which extends a corresponding convergence of approximate harmonic maps from surfaces due to Bethuel [3] (see also Freire-Müller-Struwe [10] , Wang [23] , and Rivieré [21] ). More precisely, we have
) be a sequence of weak solutions to the approximate Dirac-harmonic map equation
Assume that u p → 0 strongly in
is a weakly Dirac-harmonic map.
The paper is organized as follows. In §2, we rewrite the equation of Dirac-harmonic maps via moving frames. In §3, we use the Coulomb gauge construction, duality between Hardy space and BMO space, and a decay estimate in Morrey space to first prove the Hölder continuity part of Theorem 1.4, and then adopt the hole-filling technique by Giaquinta-Hildebrandt [12] to prove the higher order regularity part of Theorem 1.4. In §4, we discuss various properties of stationary Diac-harmonic maps and prove Theorem 4.3 and Theorem 1.8. In §5, we prove the convergence Theorem 1.9.
Dirac-harmonic maps via moving frames
In this section, we first show that a Dirac harmonic map (φ, ψ) is invariant under a totally geodesic, isometric embedding so that Hélein's enlargement argument (cf. [14, 15] ) guarantees that we can assume there is an orthonormal frame {e i } k i=1 of φ * T N . Then employing this orthonormal frame we write the equation of Diracharmonic maps into the form (12) .
We begin with Proposition 2.1 Let ( N , h) be another compact Riemannian manifold without boundary and f : (N, h) → N , h be a totally geodesic, isometric embedding. Let
Then φ, ψ is also a weakly Dirac-harmonic map.
Proof. By the chain rule formula of tension fields (cf. Jost [17] ), we have
where we have used the fact that f is totally geodesic, i.e. ∇ f * T e N df = 0, and the Dirac-harmonic map equation (5) .
is a local coordinate system on N and
where we have used the fact that (R
in the last two steps, which follows from the Gauss-Codazzi equation since N ⊆ N is a totally geodesic submanifold.
To see that ψ satisfies the equation (6), denote D / as the Dirac operator along the map φ. Then it follows from [4] (2.6) that
where we have used the fact that both D / ψ = 0 and
With the help of Proposition 2.1, we can now adapt the same enlargement argument as that by Hélein [14, 15] and assume that (N, h) is parallelized. Hence there exist a global orthonormal frame
Then {e i } is an orthonormal frame along φ * T N . Using this frame, we can write the spinor field ψ along map φ as
be a local coordinate frame on M . Recall the tension field of φ is defined by (cf. Jost [17] ):
Denote the components of τ (φ) and Dψ with respect to the frame {e i } by
Under these notations, we have
where {ξ α } n α=1 is a local orthonormal frame on M . Proof. It suffices to prove (16) . To do this, let {φ t } be a variation of φ such that
This, combined with the fact that D / ψ = 0 and D / is self-adjoint, implies
On the other hand, it is well-known that
Hence, combining these formula together, we obtain (16) . 2 3 The ǫ-decay estimate and regularity theorem
In this section, we utilize the skew-symmetry of the nonlinearity in the right hand side of the Dirac-harmonic map equation (16) and adapt the Coulomb gauge construction technique developed by Rivieré [21] (n = 2) and Rivieré-Struwe [22] (n ≥ 3) to establish an energy decay estimate for Dirac-harmonic maps in Morrey spaces under the smallness condition. As consequences, we prove the Hölder continuity part of Theorem 1.4 and Theorem 1.5.
Since the regularity issue is a local result, we assume, for simplicity of presentation, that for x 0 ∈ M , the geodesic ball B i M (x 0 ) ⊂ M with the metric g is identified by (B 2 , g 0 ). Here B 2 is the ball centered at 0 and radius 2 in R n , and g 0 is the Euclidean metric on R n . We also assume that the spin bundle Σ restricted in B 2 is given by
Now we define Ω, the k × k matrix whose entries are 1-forms, by
Then we have the following simple fact.
Proposition 3.1 Let Ω be given by (17) . Then Ω ij is real valued for any 1 ≤ i, j ≤ k, and Ω is skew-symmetric, i.e.
Proof. First observe that the skew-symmetry of Clifford multiplication • and the properties of Hermitian metric ·, · give
On the other hand, the curvature operator R N (φ)(·, ·, ·, ·) is skew-symmetric in its last two components:
Thus we conclude that Ω ij = Ω ij so that Ω is real valued. Ω ij = −Ω ji follows from skew-symmetry of R N (φ)(·, ·, ·, ·) with respect to its first two components. 2
In terms of Ω, the Dirac-harmonic map equation (16) can be written as
where · denotes the inner product of 1-forms, and dφ, e j =
Hence we have
Before proving Theorem 1.4, we recall the definition of Morrey spaces.
Definition 3.2 For 1 ≤ p ≤ n, 0 < λ ≤ n, and a domain U ⊆ R n , the Morrey space
It is easy to see that for 1 ≤ p ≤ n, M p,n (U ) = L p (U ) and M p,p (U ) behaves like L n (U ) from the view of scalings.
Now we recall the Coulomb gauge construction theorem in Morrey spaces with small Morrey norms, due to Rivieré [21] for n = 2 and Rivieré-Struwe [22] for n ≥ 3, which plays a critical role in our proof here.
then there exist P ∈ H 1 (B 1 , SO(k)) and ξ ∈ H 1 B 1 , so(k) ⊗ ∧ 2 R n such that
Moreover, ∇P and ∇ξ belong to M 2,2 (B 1 ) with
Here so (k) denotes Lie algebra of SO (k).
The crucial step to prove Theorem 1.4 is the following lemma.
Lemma 3.4 There exist ǫ 0 > 0 and θ 0 ∈ (0,
then for any α ∈ (0, 1), φ ∈ C α (B 1 , N ) . Moreover,
Proof. By Proposition 3.1 and (19), we have Θ = (
provide ǫ 0 > 0 is chosen to be sufficiently small, where ǫ(n) > 0 is the same constant as in Lemma 3.3. Hence, applying Lemma 3.3 with R replaced by −Θ, we conclude that there are P ∈ H 1 (B 1 , SO(k)) and ξ ∈ H 1 (B 1 , so(k) ⊗ ∧ 1 R n ) such that
and
Write P = (P ij ), P −1 = (P ji ), and ξ = (ξ ij ). Since P −1 P = I k , we have dP −1 = −P −1 dP P −1 . Multiplying P −1 to the equation (19) and applying (26), we obtain
The components of (28) can be written as
To proceed, recall the definition of BMO spaces. For any domain U ⊆ R n , BMO(U ) is defined to be the set of functions f ∈ L 1 loc (U ) such that
|Br| Br f is the average of f over B r . By Poincaré inequality, it follows that
For any 0 < R ≤ 1 2 , let B R ⊂ B 1 be an arbitrary ball of radius R and η ∈ C ∞ 0 (B 1 ) be such that 0 ≤ η ≤ 1, η ≡ 1 in B R , η ≡ 0 outside B 2R , and |∇η| ≤
be Hodge decomposition of k j=1 P ji d (φ −φ r )η , e j on R n , where f i ∈ H 1 (R n ), g i ∈ H 1 R n , ∧ 2 R n is a closed 2-form, i.e., dg i = 0 in R n . See Iwaniec-Martin [16] for more details. Moreover, we have the estimate
Taking d * of both sides of (31) and applying the equation (29), we have that for 1 ≤ i ≤ k,
Now we define two auxiliary f 2 i ∈ H 1 (B R ) and
Set
Since p ′ > n, the Sobolev embedding theorem implies that W
For any such a v, we can employ the equation (33), upon integration by parts, use the duality between the Hardy space H 1 and the BMO space to estimate f 1 i , similar to Bethuel [2] and Rivieré-Struwe [22] , as follows.
where we have used that (47), (27), and (38) in the derivation of these inequalities. Taking supremum over all such v's and using (37), we obtain
The estimation of g 1 i can be achieved in a way similar to that of f 1 i . In fact, for any v ∈ W 1,p ′ 0 (B R ) satisfying (38), we have
Taking supremum over all such v's and using (37) yields
Now we want to estimate f 2 i and g 2 i . Since both f 2 i and g 2 i are harmonic, by the classical Campanato estimates for harmonic functions (see, e.g. Giaquinta [11] ), (39), and (40), we have that for any 0 ≤ r ≤ R, it holds
Therefore, using (31), (39), (40), (41), and
we have
As in [22] , we set for x 0 ∈ B 1 and 0 < r ≤ 1,
and for 0 < R ≤ 1,
Then we have sup
Thus (42) yields that there is a universal constant C > 0 such that for any x 0 ∈ B 1 and 0 < r < R ≤ 1, it holds
Now any given α ∈ (0, 1), choose λ ∈ (0, 1) such that 2C ≤ λ p(α−1) , and choose ǫ 0 > 0 such that ǫ p 0 = λ n . Then we have
holds for any x 0 ∈ B 1 , 0 < R 0 < 1, and 0 < R ≤ R. Taking supremum with respect to x 0 and R < R 0 , this gives
Iteration of (45) then yields
This, combined with Morrey's decay lemma (cf. Giaquinta [11] ), implies that for
Next we present a proof on the higher order regularity of (φ, ψ). The ideas are suitable modifications of the hole-filling type argument by Giaquinta-Hildebrandt [12] in the context of harmonic maps. More precisely, we have the following C 1,α -regularity lemma.
Lemma 3.5 There exist ǫ 0 > 0 and θ 0 ∈ (0,
then there exists µ ∈ (0, 1)
Proof. The proof is divided into several steps.
Step 1. For any β ∈ (0, 1), there exists C > 0 depending only on ǫ 0 such that
To see this, first observe that the equation D / ψ = 0 can be written as
where Γ i jl (φ) is the Christoffel symbol of (N, h) at φ. Note that the Lichnerowitz's formula (cf. [18] ) gives
since the scalar curvature R = 0 on Ω. Therefore, taking ∂ / of (49) gives
Let η ∈ C ∞ 0 (R n ) be such that 0 ≤ η ≤ 1, η = 1 in B r 2 (x 0 ), and η = 0 outside B r (x 0 ). Define
where G(x, y) = c n |x − y| 2−n is the fundamental solution of ∆ on R n . Then it is easy to see
where I 1 is the Riesz potential operator of order 1, that is the operator whose convolution kernel is |x| 1−n , x ∈ R n . Since ∇φ ∈ M 2,2 (B 2 ) and ψ ∈ M 4,2 (B 2 ), by the Hölder inequality we have |∇φ||ψ| ∈ M ,2 (R n ) and
By Adams' inequality on Morrey spaces (cf. Adams [1] 
By the definition of ψ i 2 , we have
. Hence, by the standard estimate on harmonic functions and (53), we have that for any θ ∈ (0, 1 2 ),
Putting (53) and (54) together gives
For any β ∈ (0, 1), choose θ = θ(β) ∈ (0,
and then choose ǫ 0 such that 2Cǫ 0 ≤ θ β 2 , we would have
By iteration, this clearly yields (48).
Step 2. For any β ∈ (0, 1), any x 0 ∈ B 1 , and 0 < r ≤ 1 2 , it holds
To do it, let v ∈ H 1 (B r (x 0 ), R K ) be such that
Then the maximum principle and (25) of Lemma 3.4 imply that for any β ∈ (0, 1)
Multiplying (5) by φ − v and integrating over B r (x 0 ) and using (58) and (48), we have
Hence, by the standard estimate on harmonic functions, we have
It is not hard to see that we can choose small r 0 > 0 and θ = θ(r 0 , β, n) ∈ (0 ,   1 2 ) such that for any 0 < r ≤ r 0 (θr)
This, combined with the iteration scheme as in Giaquinta [11] , implies that for any β ∈ (0, 1) and x 0 ∈ B 1 , it holds
This yields (57).
Step 3. There exists µ ∈ (0, 1) such that (φ, ψ) ∈ C 1,µ (B 1 ). As in Step 2, let v ∈ H 1 (B r (x 0 ), R K ) be a harmonic function with v = φ on ∂B r (x 0 ). Then, as in (59), by using the estimates from Step 1 and Step 2 we would have that for any β ∈ ( 2 3 , 1),
Hence, using the Campanato estimate for harmonic functions, we have
provide that we first choose θ ∈ (0 ,   1 2 ) sufficiently small, and then choose r 0 so small that Cθ −n r 3β−2 ≤ r 2µ for 0 < r ≤ r 0 , where
∇φ is the average of ∇φ over B r (x 0 ). It follows from the same iteration scheme as in [11] that
This, combined with the characterization of C µ by the Campanato space, implies ∇φ ∈ C µ (B 1 ). Substituting ∇φ ∈ C µ (B 1 ) into the equation (49), one can easily conclude that ψ ∈ C 1,µ (B 1 ). 2
At the end of this section, we complete the proof of Theorem 1.4.
Completion of Proof of Theorem 1.4. Combining Lemma 3.4 and Lemma 3.5, we know that (φ, ψ) ∈ C 1,µ (B r 0 2 (x 0 )). The higher order regularity then follows from the standard bootstrap argument for both equations (5) and (6) . We omit the details. 2
Stationary Dirac-harmonic maps
In this section, we introduce the notion of stationary Dirac-harmonic maps, which is a natural extension of stationary harmonic maps. Any smooth Dirac-harmonic map is a stationary Dirac-harmonic map (see [4] ). We prove several interesting properties, including a partial regularity theorem, for stationary Dirac-harmonic maps. To simplify the presentation, we assume throughout this section that (M, g) = (Ω, g 0 ),
where Ω ⊆ R n is a bounded smooth domain and g 0 is the Euclidean metric on R n . Thus the spinor bundle Σ associated with M can also be identified by Σ = Ω × C L , L = rank C Σ. We remark that one can modify the proofs of Lemma 4.2, Lemma 4.4, and Proposition 4.5 without difficulties so that (10) and (11) in §1 hold for any general Riemannian manifold (M, g), we leave the details to the interested readers.
(Ω, C L ⊗ φ * T N )) is called to be a stationary Dirac-harmonic map, if it is also a critical point of L(φ, ψ) with respect to the domain variations, i.e., for any
where φ t (x) = φ(x + tY (x)) and ψ t (x) = ψ(x + tY (x)).
We now derive the stationarity identity for stationary Dirac-harmonic maps defined as above.
Proof. For t ∈ R with small |t|, denote y = F t (x) = x + tY (x) : Ω → Ω and
It is a standard calculation (see, e.g. [19] ) that
Now we compute 
where we have used D / ψ = 0 in the last step. It is clear that (64) follows from (65) and (66). 2 It is well known that any stationary harmonic map u : R n → N with finite Dirichlet energy is a constant map. Here we prove that the same conclusion holds for stationary Dirac-harmonic maps.
Then φ ≡ constant and ψ ≡ 0.
Proof. For any large R > 0, let η ∈ C ∞ 0 (R) be such that η ≡ 1 for |t| ≤ R, η ≡ 0 for |t| ≥ 2R, and |η
Substituting Y into the stationarity identity (64) yields
Since D / ψ = 0, we have
The right hand side can be estimated by
On the other hand, the left hand side is bounded below by
Since n ≥ 3, (68) and (69) imply
this and (67) imply, after sending R to ∞,
i.e., φ ≡ constant. Substituting this φ into the equation of ψ, we have ∂ / ψ = 0 in R n . Since ψ ∈ L 4 (R n ), it follows easily that ψ ≡ 0. 2
Now we derive an identity for stationary Dirac-harmonic maps, that is similar to the monotonicity identity for stationary harmonic maps.
Proof. For simplicity, assume x 0 = 0 ∈ Ω. The argument is similar to that of Theorem 4.3. For completeness, we outline it again. For ǫ > 0 and 0
Substituting Y into (64), we have
Using 
or equivalently,
Integrating r from R 1 to R 2 yields (4.4). 2
In contrast with stationary harmonic maps, (71) doesn't imply that the renormalized energy
is monotone increasing with respect to R yet. In order to have such a monotonicity property, we need to assume that ∇ψ has higher integrability. More precisely, we have
then there exists C 0 > 0 depending only on ∇ψ L p (Ω) such that for any x 0 ∈ Ω and 0 < R 1 < R 2 < dist(x 0 , ∂Ω), it holds
Proof. For simplicity, assume x 0 = 0. For x ∈ Ω, denote f (x) = Re ψ, ∂ ∂r
Since ∇ψ ∈ L p (Ω), by Sobolev embedding theorem we have ψ ∈ L np n−p (Ω). Since f (x) ≤ C|ψ||∇ψ|, the Hölder inequality implies that f ∈ L q (Ω) with q = 
For any 0 < R 1 ≤ r ≤ R 2 < R 0 , set
Then, by integration by parts, we have It is easy to see that this inequality, (74), and (75) imply (73). 2
With the help of Proposition 4.5 and Theorem 1.4, we can prove Theorem 1.8.
Proof of Theorem 1.8. For simplicity, assume M = Ω ⊆ R n and g = g 0 is the Euclidean metric on R n . Since ∇ψ ∈ L p (Ω) for some p > 
In this section, we extend such a convergence theorem to sequences of approximate Dirac-harmonic maps from a spin Riemann surface. The key ingredient is to first use the moving frame to rewrite the equation of approximate harmonic maps into the form similar to (12) , and then use Rivieré's Coulomba gauge construction technique to rewrite it into the form (28) in which the concentration compactness method similar to that of [10] to pass to the limit.
Since |dφ| 2 + |ψ| 4 is conformally invariant in dimension two, it follows from a scaling argument and a covering argument that Theorem 1.9 follows from the following lemma. For simplicity, we assume that (M, g) = (Ω, g 0 ) for some bounded smooth domain Ω ⊆ R 2 with the Euclidean metric g 0 . Denote by B r ⊆ R 2 be the ball center at 0 with radius r. Putting (91), (93), and (90) into (87), we obtain d
